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Basic definitions and notions

Definition
A quandle is a nonempty set X together with a binary operation
x: X x X = X which satisfies the following three properties.

(i) Forallae X, axa=a,
) Foralla,be X, 31 c€eX st a=cxb,
(iii) Forall a,b,c € X, (axb)xc=(axc)x(bxc).

Def. A rack is a nonempty set X with a binary operation x: X x X — X
satisfying (ii), (i) conditions.

e The function o5 : X — X, defined by o,(x) = x * b for all x € X,
is a permutation of X.
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In the view point of a family of permutations, one can restate the
definition of a quandle as follows.

Definition

A quandle is a nonempty set X with the quandle structure

Y : X = Map(X, X), defined by x — oy, satisfying the following
conditions.

(i) Forall x € X, ox(x) = x.
(ii) For all x € X, o, is a permutation of X.
(iii) For all x,y € X, 040,051 = 04, (y)
In particular, if X ={x1,x2,---, x,} is a finite set, we denote a quandle

(X, Z) by a sequence [07, 02, -+, 0] of permutations o; corresponding to
Xj.
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Example

e Any set X with the binary operation axb=afor all a,be X is a
quandle, which is called a trivial quandle.

e For the set X ={1,2,---, n}, define a binary operation
x: X x X = X byi*j=2j—i(mod n) forall i,j € X. The pair
(X, *) forms a quandle, which is called the dihedral quandle of order
n and is denoted by R,.

% |1 2 3 R |1 2 3
111 1 1 1 1 3 2
212 2 2 2 3 2 1
313 3 3 312 1 3

[1, 1, 1] [(23),(13),(12)]
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Definition
Let (X, ) and (X, x’) be two quandles.

e A quandle homomorphism is a function f : X — X' if
f(xxy)="f(x)*'f(y) forall x,y € X.

e A quandle isomorphism is a quandle homomorphism f: X — X' if it
is bijective.
e A quandle automorphism of X is a quandle isomorphism from (X, x)

onto itself.

e The automorphism group Aut(X) of X is the set of all quandle
automorphisms of X.

o The inner automorphism group Inn(X) of X is the subgroup of
Aut(X) generated by {0}, 0, [b € X}.
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Definition
Let X be a quandle and x € X. From the natural action of /nn(X) on X,
one can define

o Orb(x)={yeX|y="Ff(x),felnn(X)}: the orbit of x.

o Orb(X)={ Orb(x) | x € X }: the set of all orbits of X.

Under the operation * : Orb(X) x Orb(X) — Orb(X) defined by
Orb(x) * Orb(y) = Orb(x * y), Orb(X) is the trivial quandle, which is
called the orbit quandle of X.
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Rack and Quandle homology groups of (X, *)

Definition
e (X,x): aquandle (or a rack)

e CR(X) = the free abelian group generated by
{(x1, x2, -+, xn)lx; € X}

® 3,: CR(X) = CF [(X) : the homomorphism defined by

n

On(X1, X0, -+, Xn) = Z(*l)'[(XLXz, C L Xi—1 Xig 1, 1 Xn)
i—2
—(X1 % Xj, X0 * Xi, o, Xj—1 % Xj, Xig 1, o, Xn)]

forn>2and 0,=0 for n < 1.

e CR(X)={CR(X),0,}: achain complex
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Rack and Quandle homology groups of (X, *)

Definition

Dryy_ J <{lxtx - xp)lXi = xip1} >, n>2,
* G(X)= { 0, otherwise

e CP(X)={CP(X),0,}: a sub-complex of CR(X)
o CR(X)=CRX)/CP(X)
e CO(X)={CR(X),0.}: achain complex

For an abelian group G, one can obtain the homology groups
e HR(X; G) : the nth rack homology group
e HP(X; G) : the nth degeneration homology group
e H?(X;G) : the nth quandle homology group
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History

Prop. (Carter-Jelsovsky-Kamada-Saito,2001)
Let X be a quandle. Then there is a long exact sequence

25 HD(X G) B HR(X: G) L HO(X: G) 25 HP [(X;G) — -+ .
which is natural with respect to homomorphisms induced from
quandle homomorphisms.

Prop. (Carter-Jelsovsky-Kamada-Saito,2001)
Let X be a quandle with |Orb(X)| = m. Then

(1) HP(X) =0,
(2) HR(X) =HR(X) =2z,
(3) HP(X)=1zm.
Prop. (Carter-Jelsovsky-Kamada-Saito, Litherland-Nelson,2003)

The boundary operators 9, : H?(X) — HDP | (X) are the 0-maps, so
that the sequence is decomposed into short exact sequences

0— HP(X) = HR(X) = H}(X) = 0.
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Free part

Note that H,‘,/V(X), (W =R,D, Q), is a finitely generated abelian group.
The free part of HY(X), (W = R, D, Q) is known as follows:

Prop. (Litherland-Nelson, Etingof-Grana,2003)
Let X be a finite rack and Orb(X) the orbit quandle of X.

(X

° rank(H,?(X)) = rank(HW(Orb( 1)),
° rank(H,",?(X)) = rank(HW(Orb( 1)),
e rank(H® (X)) = rank(H (Orb(X))).

Rmk. For the trivial quandle T,, of order m,

e rank(HP(T,,)) = m" — m(m — 1)1
e rank(HR(T,) = m",
e rank(H®(T,)) = m(m—1)"1



Prop.

Prop.

Prop.

Conj.

Prop.
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Torsion part

(Litherland-Nelson, 2003)
For a finite rack X with homogeneous orbits, the torsion subgroup
of HY(X) is annihilated by [X|” where W = R, D and Q.

(Etingof-Grana, 2003)
For a finite rack X, the only primes which can appear in the torsion
of HF(X) are those dividing |/Inn(X)|.

(Niebrzydowski-Przytycki, 2009)
For any n > 1, torHR(R3) is annihilated by 3.

(Niebrzydowski-Przytycki,2009)
For an odd p, torH?(R,) = Zf,", where f, = f,_1 + f,_3 and
f(1)=f(2)=0,f(3)=1.

(Nosaka, Przytycki-Yang,2015)
For a finite quasigroup quandle X, torHR(X) is annihilated by |X]|.
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Consider the following operation table

* |1 2 3 4'5 6 7 8
T|1 1 2 211 1 1 1
202 2 1 112 2 2 2
3|4 4 3 3,3 3 3 3
403 3 4 4 4 4 4 4
5[5 75 75 5157 8T 6 7
66 6 6 617 6 8 5
7|7 7 7 7,8 5 7 6
8|8 8 8 8,6 7 5 8

Notice that the sub-tables in diagonal are the operation table for two
quandles R, and (4, while the sub-tables in off-diagonal are trivial.

ENERENEE P
W BN ==
w BN =N
B W= Nw
ENFRESENIES
S w0
NB W R
(RS CNNTN
—=waNlw
ESENESYRIES
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Recall that for any quandle X, HlR(X) = Z™ where m = |Orb(X)].

Lemma

For two finite quandles (Q1, 1) and (Qa, *2), let (X, *) be a quandle for
which table is as follows.

Ql id
id | @

Then
torHX (X) = torHE (Q1) @ torHE (@)

Indeed, HE(X) = HR(@1) ® HE(Qy) @ Z20rb(QIIOnb(@)I
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Sketch of proof. Let X ={1,--- ,n,n+1,---,n+ m}.
The free abelian group C2R(X) is generated by

(1,1) (1,n) (1,n+1) (1,n+m)
(n,.l] (n,.n) (n,n.+ 1) (n,n.+ m)
(n+1,1) - (n+1,n) (n+1,n+1) .- (n+1,h—1)

(n+.m,1) (n+.m,n) (n+m.,n+1] (n+m,.n+m)
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Consider the image of 0, and 03, respectively.

x)—(x#1y), 1<x<nl<gLy<n
5 1<x<mn+1Ly<n+m
, n+1<x<n+mlgy<n

0
020, y) = (x)=(xxy) = ¢
(x) —(x*2y), n+l<x<n+mn+1<y<n+m,

93(x,y,2) = (x,2) = (xxy,z) — (x,y) + (x*x 2,y x 2)

(x,2) = (x*1y,2) = (x,y) + (x*12,yx12), L<x<nl<ysnl<zsn

(x,2) — (x*1y,2), 1<x<nl<y<nn+1<z<n+m
—(x,y)+ (x*12,y), I1<x<nn+1<y<n+ml<znm
_ —(x,y)+ (x,y %2 2), I1<x<nmn+1<y<n+mn+1<z<n+m
- X,y) + (x,y *1 z), n+1<x<n+ml<y<nl<znm
x,y)+ (z ), n+1<x<n+ml<y<nn+l1<z<n+m

X, z)— (x*yy

n+1<x<n+mn+1l<y<n+ml<z<n
(x,2) = (x*xpy,z) — (X, y) + (xxp 2,y %0 2), n+1<x<n+mn+1l<y<n+mn+l<z<n+m
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Rack homology group of a certain finite quandle

(1,1) (1,n) (I,n+1) (L,n+m)
(n,.l) (n,.n) (n,n.+ 1) (n,n.+ m)
(n+1,1) (n+1,n) (n+1,n+1) (n+1,n+m)
(n+-m,l) . (n+.m,n)

(n+m,n+1)

(n+m,n+m)
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Rack homology group of a certain finite quandle

(1,n+1) (1,n+m)
HE(Q1) : :
(n,n+1) (n,n+ m)
(n+1,1) (n+1,n)
: ; HE(Q2)
(n+m,1) (n+m,n)
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HE(Q1) |Orb(Q1)] % |Orb(Q2)]

|Orb(Qy)| x |Orb(@y)| HE(Q2)

. torHR (X) = torH§ (Q1) @ torHE (Q2).

(In fact, HF(X) = HF(Q1) & HE(Qy) @ 220 (Q)II0b(Q)1 )
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Example

Let (X, %) be a quandle which is a disjoint union of two quandles of order
4.

R |1 2 3 4 G |1 2 3 4
1 1 1 2 2 1 1 4 2 3
2 |2 2 1 1 2 3 2 4 1 =
3 |4 4 3 3 3 |4 1 3 2
4 |3 3 a4 & 4 |2 3 1 a4
« |1 2 3 4's5 6 7 8
T 1 1 2 211 1 1 1
22 2 1 1,2 2 2 2
3/4 4 3 3,3 3 3 3
4|3 3 4 4 4 4 4 4
575 5 75 57578 6 7
6|6 6 6 617 6 8 5
7|7 7 7 7,8 5 7 6
8|8 8 8 8,6 7 5 8

It is known that torHX(Rs) = Z3 and torHR(C4) = Z,. Hence we have
torHf(X) = Z3. In fact,

HEX)=(Z* 0 73) ® (Z & Zo) 9 22 = 2° 0 73,
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Now, consider the following two quandle tables, in which two diagonals

and the lower off-diagonal are trivial.

M= AN W0Io N~
[
NSO~
\\\\\\ 4- -
AN O S WwIo N~
[
AN O S oo~
[
AN ®mS owIo N~
[
AN O S oo~
[
AN ®mS wo N~
f
AN O S oo~
|
,
A=W oI~
e — -
AN O S0 OI~
[
AN O S0 OI~
[
AN O S0 OI~
[
AN O S0 OI~
[
AN O S 0O~
[
AN O S0 OI~
f
AN O S 0O~
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Proposition (B. & Kim)
Let X ={1,--- ,k,k+1,---  k+m}and ty,1, -, Tkrm € Sk. Consider
the operation table in the following form;

id | R T 1] Thrr - Thom
id | id | [ 1---1 1.1

Then X is a quandle under the operation if and only if ©it; = tj7;, for all
i,J.



Theorem (B. & Choi)

Lette€S,_1 and let o= (t)(n) € S,,. Let X ={1,2,---

Rack homology group of a certain finite quandle

quandle whose operation table is given as follows.

1.-.-1 T

n---n n

~[T-1]7]

Then HY(X) and HY(X) are torsion-free, and hence

HE(X) =17Z¥ and HR(Q) = Z¥°

where k is the number of disjoint cycles of o.

Sketch of proof for Hf(X).
Suppose that

, n} be the

o=(12--i)h+1i+2h) - (ixotlixot+t2 --n—1)(n).
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Ima4
9g(x,y,z,w) = (x,z,w) — (x*y,z,w) — (x,y,w) + (x*z,y *z,w) + (x,y,2) — (x xw,y * w,z* w)
1. 94(x,y,z,w)=0
2. 04(x,y,z,n) = (x,y,2) — (x*n,y*n,z%n)
3. 4(x,y,nw) =—(x,y,w) + (x*n,y*nw)
4. 4(x,y,n,n)=0
5. 04(x,nz,w)=(x,z,w)— (x*n,z,w)
6. 04(x,n,z,n) = (x,z,n)— (x*n,z,n)+ (x,nz)— (x*nnxn,zx*n)
7. 04(x,n,n,w)=0
8. 04(x,n,n,n)=(x,nn)— (x*n,n,n)
9. 04(ny,z,w)=0
10. 94(n,y,z,n) = (n,y,z) — (n*n,y*n,zxn)
11. d4(ny,nw)=—(ny,w)+ (nxny=nw)
12. d4(n,y,n,n) =0
13. 94(n,n,z,w)=0
14. d4(n,n,z,n) = (n,n,z)— (nxn,n%n,zxn)
15. d4(n,n,n,w) =0

16. d4(n,n,n,n) =0
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For every x,y,z,w=1,2,--- ,.n—1,

84(X,y,z,n): (vavz)_(o_(x)vo_(y)vo-(z))

(x,y,nw)= —(x,y,w)+(0(x),oy), w)

04(x,n, z,w) = (x,z,w)—(0(x), 2z, w)

04(x,n,z,n)= (x,z,n)—(o(x),z,n)+ (x,n, z)—(c(x),n c(z))
04(x,n,n,n) = (x,n, n)—(a(x),n,n)

84(”:%2:”): (nryrz)_(nro-(y)ro-(z))
64(”:%”: W): 7(n1yv W)+(nro-(.y)rw)

04(n,n,z,n)= (n,n,z)—(n,n, o(z))
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The values of Imd,4 and Kerds are depend to the cycles of o.

(x,y,n) (x,n,n)
(n,y,n) 4
\ (x,n,2)
by2) ™~ (n,n,n)

(ny,2) (n,n,2)
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Case 1. (x,y,z)

® Imdy : (x,y,z) = (0(x),0ly), 0(2)) = (a(x), aly), z) = (0(x), y, 2)

o Kerds : 03(x,y,z)=0

k:/

(x,y,z)

18,0

—
= (k-1) generators
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Case 2. (x,n,n)

e Imd, : (x,n,n)=(o(x),n,n)

e Kerds : 93(x,n,n)=0

(n-1,n,n)

,n,n) || (iat1,00)

‘ [ ]
k-1 . RS

(io,n,n)

(ir+1,n,n)
(i1,n,n)

(1,n,n)

. (k-1) generators
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Case 3. (n,n, z2)

® Imd4 : (n,n,z) =(n,n, o(z))

e Kerds : 03(n,n,z) =0

(n,n,n-1)

| (i)

(n,n,i,)

w (n,n,.i1+1)
(n,n,z) L[ (nngiy)

(n,n,1)

. (k-1) generators
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Case 4. (n,y, z)

L4 Ima4 : (n,y,z) = (nv U(Y)u U(Z)) = (nv 0'(}/):2)
e Kerds : 03(n,y,z)=0

—

n,y,z)

k1
.. (k-1)? generators
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Case 5. (n,n, n)

e /md4 : No relation

e Kerds : 03(n,n,n) =0

~__L(n,nn) 250

. 1 generator




Preliminaries Some results of rack and quandle homology groups Rack homology group of a certain finite quandle

Case 6. (n,y,n)

e /md, : No relation

e Kerds : 93(n,y, n) —(n,y) +( (¥))
= Solve 03 (Z 1By(ny.n )

] (n,1,n)  |(n,iy,n)+ (n,ik2,n)+
+(n,2,n) |(n,is+1,n (n,ik2+1,n)

(ny,n) 2 ) e
+(n,iy,n) |+ (n,iy,n) +(n,n-1,n)

. (k-1) generators
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Case 7. (x,z,n),(x,n, z)

® Imdy : (x,z,n)—(o(x),z,n)+ (x,n,z)—(o(x),n,o(z))=0

e Kerds : 03(x,z,n) =—(x,z)+ (0(x), 0(2))

03(x, n, z) = (x,z) — (0(x), 2)

(x,y,n)

1z

(x,n,z)

: Jk—1
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Imd,4 of Case 7

Rows : ri1,ro, -,
Columns : (x,n, z), (x,z, n)
(oder:(f, o, m), (k=1 ), <+ , (L, 1, )y 1, ), (e 1, k=), -, (1,m, 1))

| —1 I 7’5
.y / —I /
- / —Is I
I /
_ / —Is I
0 0 0 1
1 0 0 1 0 0 O
0 1 0
where | =| . | . . |and Is =
0 0 1 0 0 0 O
0 0 1 0
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Imd,4 of Case 7

I i =T
I =1 —I
I =l I—=1 —I

[ e A L T P e P B S

U U U U u U
T 0 0 1 T 0 0 1
101 0o o 0o 1 0 -1
where | — [ = " land U=

o
o
=
o
o
=
-
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Kerds of Case 7

=1 =1 =1

0 0 -1

1
|0
1 1 -1
0 o
I : | 11
0 ) 00

g g
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Case 7. (x,z,n),(x,n, z)

. 2(k-1)? generators
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HE(X)

(x,y,n)

Rack homology group of a certain finite quandle

2(k-1)?

(x,n,n) : (k-1)

(k-1) = (n,y,n)

(xy,2)
: (k-1)3

(x,n,2)

~(n,nn):1

(n,y,2) : (k-1)?

(n,n,2) : (k-1)

~. k* generators & No relations
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Example
Let (X, x) be a quandle as follows.

DO A WN P
SO A WN N
DO A WN HW
DO A WN H A
SO A WN PO
DO A WN HO
P

NI O~ WN X%

~
~
~
~
~
~
~

By the above theorem, one can see that HS(X) and H(X) are
torsion-free, and hence

HR(X) =7* = 7' and H}(X) = 2% =75
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Theorem (B. & Choi)

Lette S, 2 andlet o= (t)(n—1)(n) € S,. Let X ={1,2,---, n} be the
quandle whose operation table is given as follows.

1.1 ]t

i |l t[od ]

Then HX(X) is torsion-free.
(Indeed, HR(Q) = Z¥*, where k is the number of disjoint cycles of ¢.)

Sketch of proof.
e Put o=1(n—1)(n) €S,.

e 0=(12--- i)+l i+2---io) - (k341 iy 342---n—2)(n—1)(n).
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cR(X) =
(1,1) (1,2) (1,3) (1,n—2) (,n—1) (1, n)
(2,1) (2,2) (2,3) (2,n—2) (2,n—1) (2,n)
(3,1) (3,2) (3,3) (3,n—2) (3,n—1) (3,n)
(n—.2,1) (n—2,2) (n—.2,3) (n—2,.n—2) (n—2,.n—1) (n—.2,n)
(n—1,1) (n—1,2) (n—1,3) (n—1,n—2) (n—1,n—1) (n—1,n)
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HE(X) is isomorphic to ZK°

%] : Th-1 5 T - (FAE=))
. o . : : —(Ln—1)—(2n—1)—--
(h—1.1) (=1 —1) (L —1Lik_3) (h—1.n-2) —(iin—1)+(L,n)
mh - ma-D I A — (hn—2)
Ziz;:\'x,nfl\, —(in—1)— (i +1,n—1)—--
G oo Goff=i) || oo || @B=iifid) oo G=fo=8) (A +i=1n—1)+(Ln)
(k—31) -+ (k—3,n—1) | Gk—3iik—3) - (ik—3,n=2)
: . ! ijfk S =1) | ~(i—3.n—1) = (k3 +1n—1)—
(h—21) - (n=2ii=1) | -+ | (n=2i_3) -+ (n—2,n—2) —(ik_3+i—1,n—1)+(Ln)
n—11) — (—La-1 | | n—Lixs) - (n—1n—2 n—1n—1 (n—Ln
i) - mh—1) T i) - (nn—2) nn—1) Tn.n)
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Example

In the following quandle X, the permutation in the last column is the
square of the permutation in 6—th column, and hence X is a quandle.

x| 1 2 3 4 5,6 7
11 1 1 1 112 3
212 2 2 2 2;3 1
3(!3 3 3 3 3,1 2
414 4 4 4 415 4
5|5 5 5 5 5}4 5
6|6 6 6 6 616 6
77 7 7 7 71'7 7

[1,1,1,1,1,1,(123)(45)(6)(7).(132)(4)(5)(6)(7)]

By the previous theorem, one can see that HZR(X) is torsion-free, and
hence HR(X) = 7Z* = 719, because o = (123)(45)(6)(7) consists of 4
disjoint cycles. Indeed, HP(X) = Z*, HF(X) = Z** = 76 and

HR(X) = 712



Rack homology group of a certain finite quandle

Questions

1. For two finite quandles (Qq, *1) and (@, *2), let (X, *) be the
quandle whose operation table is given as follows.

Q| id
id | @

Does the equality torH?(X) = torHR(Q1) @ torH?(Q>) hold for
n>4?

2. Let X be the quandle whose operation table is one of the followings.

1.--1 |7 ) 1.1+
111 (1111

Is HR(X) torsion-free for n > 37?
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Thank you for your attention.
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